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Experimental Investigation of the Characteristics
of Solid-Propellant, Velocity-Coupled Response Functions

L. L. Narayanaswami,* B. T. Zinn,t and B. R. Daniel^
Georgia Institute of Technology, Atlanta, Georgia

This paper describes an experimental investigation of the validity of state-of-the-art approaches that use the
so-called velocity-coupled response functions to determine the stability of solid-propellant rocket motors. These
approaches are based upon the fundamental assumption that the propellant velocity-coupled response function is a
propellant property independent of its location within the combustor. The applicability of this assumption was
investigated in a modified impedance tube setup specifically developed for this study. It consisted of a "driver"
propellant sample at the upstream end of the tube and "test" propellant samples on the side walls at a desired
location downstream of the "driver" propellant. An acoustic driver located at the downstream end of the tube was
used to simulate the flow conditions in an unstable rocket motor by exciting a standing acoustic wave of desired
properties in the tube. The objective of the experiment was to measure the velocity-coupled response function of
the "test" propellant samples. Tests were conducted with the "test" propellant samples at different locations along
the impedance tube standing wave. The results clearly showed that the velocity-coupled response function is
strongly dependent upon the propellant sample location relative to the impedance tube standing wave and thus
cannot be considered a propellant property. The paper points out the need for a re-evaluation of current
approaches for predicting the stability of solid-propellant rocket motors.

Nomenclature
a = speed of sound, m/s (ft/s)
A = cross-sectional area, m2 (ft2)
b = perimeter of the sidewall propellant samples,

m(ft)
Cv = specific heat at constant volume

J/kg - K (Btu/slug - °R)
G = gas phase bulk loss coefficient,

N - s/m4 (Ib - s/ft4)
Im( ) = imaginary part of ( )
k — constant in Eq. (1)
m = mass burn rate per unit area,

kg/m2 - s (slug/ft2 - s)
p = pressure, Pa (lb/ft2)
R = specific gas constant, J/kg • K (Btu/slug • °R)
R = pressure-coupled response function, nondimensional
RL, = velocity-coupled response function,

nondimensional
t = time, s
T = temperature, K (°R)
u = velocity, m/s (ft/s)
ut = threshold velocity, m/s (ft/s)
x = distance, m (ft)
y = ratio of specific heats
p = density, kg/m3 (slug/ft3)
Op, Ov = quantities defined in Eqs. (7) and (8)
o> = frequency, rad/s
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Subscripts
b = properties at the sidewall propellant surface
F = flame property
0 = nonerosive conditions

Superscripts
( y = fluctuating quantity
( ) = mean quantity

Introduction

T HIS paper describes the application of the impedance
tube technique in the investigation of the validity of

current practices using the velocity-coupled response function
to determine the stability of solid-propellant rocket motors.1
Combustion instabilities occur when energy supplied by the
combustion process excites one or more of the natural acous-
tic modes of the combustor. This driving by the solid-propel-
lant combustion process depends upon the characteristics of
space-dependent flow oscillations in the vicinity of the propel-
lant surface. For example, in a rocket motor experiencing an
instability of its fundamental, longitudinal acoustic mode, the
propellant sections at the two ends of the motor experience
primarily pressure oscillations, the propellant section at the
center of the motor experiences primarily velocity oscillations
parallel to its surface, and the remainder of the propellant
grain experiences both velocity and pressure oscillations of
varying amplitude and phase relationships. To determine the
contribution of the entire propellant grain to the instability,
the driving or damping provided by various sections of the
propellant must be known. To date, this requirement has been
interpreted as the need to know the propellant burn rate
response to both pressure and velocity oscillations. These
responses are generally referred to as the pressure- and veloc-
ity-coupled responses, respectively, and they are related to the
pressure and velocity fluctuations through constant propor-
tionality factors called the pressure- and velocity-coupled re-
sponse functions.1"3 While the existence of a pressure-coupled
response function has been recognized for some time and has
been the subject of a considerable number of investigations,4"6

the higher complexity of the physicochemical processes affect-
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ing the characteristics of the velocity-coupled response func-
tion has limited the number of investigations into its funda-
mental properties and applicability.

Before discussing existing velocity-coupled response mod-
els, it is instructive to briefly describe the current steady burn
rate models. It is well known that the steady burning rate of a
solid propellant depends upon the properties of the flow next
to its surface, which under certain conditions cause erosive
burning.7'8 Developing the predictive capabilities of the steady
burn rate and the associated erosive burning of solid propel-
lants requires detailed analysis of the complex, multidimen-
sional mixing, heat-transfer, and chemical processes that occur
next to the propellant surface. While such approaches have
been pursued by several investigators,9"12 who have provided
much insight into the causes of erosive burning, the complex-
ity of the problem has, thus far, prevented the development of
rigorous erosive burning models. In their absence, empirical
models of erosive burning have been used to predict the
performance of solid-propellant rocket motors. Experimental
investigations of steady propellant burning indicate that there
exists a threshold velocity ut below which the burn rate is
unaffected by the parallel flow13'15 and above which the
propellant burn rate is given by16

where k and ut are determined experimentally. While models
of this type are useful in design, they do not provide insight
into the processes controlling this phenomenon.

By now, there is ample evidence that solid-propellant com-
bustion processes are sensitive to the presence of velocity
oscillations parallel to the propellant surface.17"20 This sensi-
tivity, which can be considered as the unsteady analog of
steady-state erosive burning, is termed velocity coupling and
the resulting burn rate oscillation is the velocity-coupled re-
sponse. Considering the physics of the problem, one would
expect that an oscillatory flow would produce oscillatory
mixing, heat-transfer, and chemical processes next to the
propellant surface which would result in an oscillatory propel-
lant burn rate. When the proper phase relationship between
the oscillatory propellant burn rate and the local pressure
oscillations is established, a driving of the flow oscillations
occurs. Consequently, it is of utmost importance to develop
dependable analytical capabilities that can predict such pro-
pellant combustion/flow interactions. Again, as in the
steady-state case, the complexity of the problem has prevented
the development of reliable solid-propellant response models
based upon fundamental principles and, consequently, all
existing response models are heuristic in nature and are merely
extensions of the empirical steady-state erosion model [see Eq.
(1)] and concepts developed in pressure-coupling studies.

In modeling the velocity-coupled response it was argued 1)
that the combustion process is responsive to only the magni-
tude of the flow velocity and is independent of the flow
direction17'21-22 and 2) that, when the magnitude of the total
velocity (i.e., the vector sum of the steady and fluctuating
velocities) is greater than the threshold velocity, the propellant
response is proportional to the difference. Thus, the mass flux
fluctuation due to a velocity oscillation parallel to the propel-
lant surface is given by the relationship

mh
^JL
a

\u + u'\ > u(,u> ut (2)

where Rv is the velocity-coupled response function. Implicit
in Eq. (2) is the assumption that Rv is a propellant property
and thus independent of the propellant location within the
combustor. While the validity of Eq. (2) has never been
verified experimentally or theoretically, it has nevertheless
served as a basis for a number of experimental investigations

concerned with the determination of Rv as a propellant
property.2'3-25"27

The manner in which a given propellant section responds to
flow oscillations depends upon the structure of the steady-state
combustion zone next to its surface, as different steady-state
combustion zones may respond differently to oscillatory exci-
tation. Since the local steady-state combustion zone is ex-
pected to depend upon the characteristics of the steady flow, it
follows from the above discussion that both the steady and
oscillatory components of the flow next to the propellant
surface should affect the propellant response. Since the flow
conditions within a rocket combustor are space dependent, the
effect of the flow upon the propellant response is likely to be
different at different combustor locations. Consequently, one
would expect that the velocity-coupled response function Rv
[see Eq. (2)], which is supposed to account for steady and
unsteady flow and combustion effects, will also be space
dependent.28 This conjecture contradicts the underlying as-
sumption of Eq. (2) that Rv is strictly a propellant property.
Since the clarification of this contradiction is of crucial impor-
tance in the development of analytical capabilities for predic-
ting the stability of solid-propellant rocket motors, both criti-
cal experimental and theoretical studies aimed at the resolu-
tion of this problem must be performed. This paper describes
the results of an experimental investigation in which the
impedance tube technique was used to explore this issue.

In what follows, a modified impedance tube technique,
specifically developed for this study, is briefly discussed. This
is followed by a description of the application of the tech-
nique in the investigation of the velocity-coupled responses of
solid propellants. The paper closes with a discussion of the
measured data and their implications for solid-propellant
rocket motors stability analyses.

Modified Impedance Tube Technique
This section describes the measurement technique devel-

oped for this study. The impedance tube technique was ini-
tially developed by acousticians who utilized it to measure the
sound-absorbing characteristics of various materials.29'30 In
these applications, the impedance tube consisted of a rigid-
walled tube with the tested material placed across one end and
an acoustic driver at the other. During a test, the driver was
used to generate a train of acoustic waves of a desired
frequency that propagated toward the tested material. These
waves reflected off the tested sample with modified amplitude
and phase and then combined with the incident wave train to
form a standing wave in the tube. A traversing microphone
was used to measure the structure of the resulting standing
wave and these data together with appropriate analyti-
cal solutions were utilized to determine the amplitude and
phase changes occurring at the tested sample surface—data
that determined the sound-absorbing characteristics of the
tested material. Subsequently, this technique was modified
to determine the admittances of choked nozzles,31 acoustic
liners,32 and pressure-coupled responses of burning solid
propellants.33'34 In this investigation, the impedance tube
technique was further modified to investigate the velocity-cou-
pled responses of solid propellants.

A schematic of the modified impedance tube setup used in
this study is shown in Fig. 1. The objective of the experiment
is to measure the velocity-coupled response function of the
"test" propellant samples. The "driver" propellant sample
provides a stream of hot combustion products that flows past
the " test" propellant samples in an attempt to simulate actual
rocket motor flow conditions. In this configuration, the
"driver" propellant experiences only pressure oscillations,
while the "test" propellant samples are subjected to both
pressure and velocity oscillations. The experimental setup
permits moving the "driver" propellant to different locations
upstream of the " test" samples, a capability that enables the
investigation of the response of the " test" propellant samples
at different acoustical environments along the standing wave.
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Fig. 1 Schematic of the velocity-coupled impedance tube.

to determine the axial and linear stability limits of solid-pro-
pellant rocket motors also serves as the starting point for this
study. It consists of the linearized, one-dimensional mass,
momentum, and energy conservation equations. Neglecting
terms of &(u2) and assuming a periodic time dependence of
the solutions, these wave equations can be expressed as fol-
lows.34'35

Continuity:

d ,_
(3)

Momentum:

+ -rmhu' 4- Guf = 0 (4)

Energy:

-dp' _ d u f du

Acoustic Driver -

Stepper Motor

Propellant Positionin
Mechanism

Propellant Test Samples

Propellant (Provides Hot Gases
Across Test Samples)

Fig. 2 Modified impedance tube for velocity-coupling measurements.

In an experiment to determine the velocity-coupled re-
sponse function, the acoustic driver is first used to set up a
standing wave of a desired frequency in the impedance tube.
Next, the propellant samples are ignited and a series of
transducers mounted at preselected locations along the imped-
ance tube walls is used to measure the continuously varying
(due to the presence of propellant ignition, quasisteady state
burning, and extinguishment periods) wave structure in the
impedance tube. These pressure transducers are used in this
setup because the short duration (1-3 s) of a test precludes the
use of a traversing microphone for measuring the wave struc-
ture. While the test is in progress, a stepping motor is utilized
to keep the "test" propellant surfaces flush with the adjacent
impedance tube walls. The measured acoustic pressure data
are used to determine the unknown velocity-coupled response
function by utilizing a data reduction procedure specifically
developed for this purpose.

The issues raised in the previous section were investigated
in this study by measuring the value of Rv in tests in which
the "test" propellant samples were placed at different loca-
tions along the standing wave structure. Finding that the same
(or close) values for the response function Rv were obtained
in all of these tests would support the argument that Rv is a
propellant property independent of location—and vice versa.

Theoretical Considerations
These theoretical studies were undertaken with the objective

of developing an analytical methodology for determining the
velocity-coupled response function from measured impedance
tube pressure data. The system of conservation equations used

(5)

where E and E' are, respectively, the steady and perturbation
components of

(6)

which describes the energy addition at the propellant surface.
Examination of the above equations shows that the

momentum and energy equations are decoupled from the
continuity equation, since they contain only the dependent
variables pf and u'. These equations can be solved, provided
the expression

b_ -tm'b E'-rmhE\ =- + •==-

on the right-hand side of the energy equation is known. This
expression describes the response of the propellant to the
pressure and velocity oscillations in the flowfield. To date, it
has been customary1'3'6 to express the pressure-coupled re-
sponse in the following form:

(7)

where Rp is the pressure-coupled response function and Op
relates E'/E to p''. Assuming that the threshold velocity ut is
zero and that the mean velocity is greater than the acoustic
velocity (i.e., u>\u'\), the velocity-coupled response can be
obtained from Eq. (2) as

+ . -(*„ + *.)-v " "' (8)

where Rv is_the velocity-coupled response function and 0V
relates E'/E to u''. Finally, assuming that the propellant
responses to the pressure and velocity oscillations are additive,
the total propellant response can be expressed as

mh >f (9)

It is important to note that the driving of oscillations in a
combustor by velocity coupling will occur only if the velocity-
coupled response has a component in phase with the local
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pressure oscillation. Since the acoustic velocity oscillation uf

is 90 deg out of phase with the local pressure oscillation, it is
clear from Eq. (8) that velocity-coupled driving will occur only
if the response function (Rv + Ov) introduces a 90 deg phase
change that results in the propellant velocity-coupled response
having a component in phase with the local pressure oscil-
lation. Consequently, it is the imaginary part of the velocity-
coupled response function that determines the contribution of
velocity coupling to rocket motor stability.24

When (Rp + Op) and (Rv + 6V) are known, Eqs. (3-9) can
be used to predict the characteristics of the standing wave
inside the impedance tube or the stability of a solid-propellant
rocket motor. Alternately, these equations provide a starting
point for the determination of (Rv + 6V) from measured im-
pedance tube data. To optimize the planned impedance tube
experiments, Eqs. (3-9) were used in a parametric study35'36

that investigated whether changes in the velocity-coupled re-
sponse function (RV + 0V) produced measurable changes in
the impedance tube wave structure. This study revealed that
the largest changes in the impedance tube wave structure, due
to changes in(Rv + Ov)9 occured in the vicinity of the acoustic
pressure minima. Consequently, accurate measurements of the
wave structure near these minima are required to accurately
determine (RV + 6V).

The next step is the development of a suitable data reduc-
tion procedure to determine the velocity-coupled response
function from the measured acoustic pressure data. The devel-
oped data reduction procedure is based on the method of
quasilinearization and it determines (Rv + Ov) by minimizing
the error function E$ given by

Preston Analog—to—Digi ta l Converter

by requiring that

(10)

(11)

where ^m(xi) and $c(*/) are measured and computed [i.e.,
solution of Eqs. (3-5)] values of the phase angles at TV
different locations in the impedance tube. For details, the
reader is referred to Ref. 35. It should be noted, however, that
the developed data reduction procedure presumes knowledge
of the pressure-coupled response function. Consequently, the
pressure-coupled response function has to be determined in a
separate experiment or by the use of a reliable theory.

Experimental Efforts
The modified impedance tube developed for the investiga-

tion of the velocity-coupled response of solid propellants is
shown in Fig. 2. It is approximately 6 ft (1.83 m) long with a
4 X 1 in. (0.1 X 0.025 m) rectangular cross section and it has
provisions for mounting 4 in. (0.1 m) long "test" propellant
samples on the sidewalls. Special adaptors for holding the
Sundstrand pressure transducers (model 21 IB-5) used in this
study are available at 0.3 in. (0.75 cm) intervals along the
upper wall. An electropneumatic Ling EPT-94B acoustic driver
is mounted a short distance upstream of the exhaust end and a
spectral dynamic oscillator (model SD104A-5) is used to con-
trol the frequency and amplitude of the oscillations generated
by the driver. During an experiment, the entire setup is placed
inside a high-pressure tank to simulate actual rocket motor
conditions.

The data acquisition system (Fig. 3) consisted of a HP2100S
minicomputer equipped with a HP7901A disk drive and a
Preston analog-to-digital converter. The system acquired
30,000 samples/s/channel and could handle up to 16 chan-
nels of data simultaneously. The analog data from all the
transducers were digitized and stored for post-test analysis by
this system.

Fig. 3 Data acquisition system.

All the velocity-coupled response function measurements
were conducted at a pressure of 300 psig (2.067 X 106 Pa
gage). With the tank pressurized and a standing wave of a
desired frequency established in the impedance tube, the
propellant samples were ignited and a test initiated. The test
duration was divided into a series of data acquisition periods,
separated from each other by periods of data transfer. During
the data acquisition periods, called blocks, the analog data
from all of the channels (that is, transducers) were digitized
and stored in the computer memory. Each block could be
programmed to acquire data over a time period whose dura-
tion was an integer multiple of 12 periods of the driven
oscillation. During the data transfer periods, the digitized data
were transferred from the computer memory onto the disk to
make room in the memory for data from the next block. Thus,
data were collected over discrete periods of time (i.e., blocks)
as no data were acquired during data transfer periods. After
the test, the stored data in each block were numerically
Fourier-analyzed to obtain the amplitudes and phases of the
measured data at the test frequency. Typical time histories of
the amplitude and phase of the measured data obtained at one
transducer location are shown in Fig. 4. Examination of this
figure shows the existence of ignition and extinguishment
transients with a quasisteady period in between. Such time
histories were obtained for all channels of data. Using these
time histories, the spatial amplitude and phase distributions in
the impedance tube could be obtained at any instant during
the quasisteady period. These data were then input into the
data reduction program to determine the desired propellant
velocity-coupled response function.

Results and Discussion
Several velocity-coupled response function determination

tests were performed; these tests differed from one another by
the frequency of the oscillation and the location of the " test"
propellant samples along the standing wave structure. The
same nonaluminized propellant, designated UZ-7, was used in
all of these experiments. The measured data from these tests
are presented and discussed in this section.

As stated earlier, a reliable determination of the velocity-
coupled response function requires a careful measurement of
the standing wave structure in the vicinity of the acoustic
pressure node. Therefore, many of the pressure measurements
had to be performed near the pressure node where the desired
signal was masked by noise from other sources, and signal
averaging was required to reduce the effect of this noise. Since
the available memory of the minicomputer limited the amount
of data that could be recorded in a given block, an estimate of
the minimum averaging time needed to sufficiently enhance
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the signal-to-noise ratio was required. This problem was in-
vestigated by comparing data averaged over different numbers
of cycles of the test signal. The spatial amplitude and phase
distributions obtained by averaging data measured during the
quasisteady burning period over 18, 36, and 72 cycles are
compared in Figs. 5 and 6, respectively. Examination of these
figures shows that the amplitude and phase data obtained as
an "18 cycle average" exhibit considerable scatter about the
"72 cycle average," while the "36 cycle average" data are
consistent with the "72 cycle average" data. This indicates
that averaging data over 36 cycles provides sufficient enhance-
ment of the signal-to-noise ratio.

In the experiments to determine the velocity-coupled re-
sponse functions, the spatial amplitude and phase distribu-
tions were obtained by averaging the measured signals over 36
cycles. The needed pressure-coupled response functions (Rp 4-
0 ) were measured by the pressure-coupled impedance tube
technique, the details of which can be found elsewhere.34'35

The initial velocity-coupled determination tests were con-
ducted at a frequency of 600 Hz. In the first of these tests, the
"test" samples were located upstream of the first pressure
minimum and acoustic pressure data measured around this
minimum were used to determine (Rv + Ov). In the second
experiment, the "test" samples were located downstream of
the first minimum and the acoustic pressure data measured
around the second acoustic pressure minimum were used to
determine (RV + 0V). The standing wave structures measured
in these experiments are shown in Figs. 7 and 8. Also shown
in these figures are the determined wave structures that pro-
vided the "best" agreement with the experimental data. The
determined, optimum values of lm(Rv + Ov) that provided the
"best" agreement are also presented in the figures.

An examination of Figs. 7 and 8 shows that there is
satisfactory agreement between the measured and computed
wave structures. However, the value of Im(Rv + Ov) de-
termined in the first experiment is considerably different from
that obtained in the second; that is, the data indicate that
lm(Rv + 9V) of the propellant sample upstream of the pressure
minimum is —3 and that it equals 30 when the propellant
sample is located downstream of the pressure minimum. Con-
siderations of the physics of the problem together with the
measured data indicate that in both tests the velocity-coupled
responses of the tested propellant samples attenuated the

oscillations in the impedance tube. Qualitative support for this
argument was provided by the observation that in both tests
the amplitudes of the oscillations in the impedance tube
decreased after propellant samples ignition.

Considering their complexity, it was of utmost importance
to check the repeatability of the velocity-coupled determina-
tion experiments. Figure 9 compares the time history of the
acoustic-pressure phases measured in two different velocity-
coupled tests. The frequency of the driven oscillations and the
location of the "test" propellant samples were the same in
both these tests. The similarity in the time histories and the
excellent agreement between the determined values of lm(Rv
+ Ov) demonstrate the repeatability of the developed experi-
mental technique.
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Fig. 8 Comparison of the experimentally and theoretically determined
axial dependencies of the amplitude and phase of the impedance tube
standing wave with the "test" samples located downstream of the first
pressure minimum.

Velocity-coupled determination tests were also performed at
800 Hz with the "test" propellant samples located upstream
of the first pressure minimum in one test and downstream of
this minimum in another. The measured wave structures ob-
tained in these tests are compared with the computed struc-
tures in Figs. 10 and 11. Again, the measured value of Im(/^y
-I- 0V) of the propellant sample upstream of the pressure
minimum was considerably different from the value measured
downstream of the minimum. Furthermore, in both tests, the
interactions between the "test" propellant samples combus-
tion processes and the impedance tube oscillations resulted in
wave attenuation.

-180.
10. 15.
Block No.

20. 25.

Fig. 9 Comparison of the phase data measured at two tube locations
in two different velocity-coupled tests.
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Fig. 10 Comparison of the experimental and theoretically determined
axial variations of the amplitude and phase of the impedance tube
standing wave when the "test" samples were located upstream of the
first pressure minimum.

The above reported data clearly show that the same propel-
lant samples possess different velocity-coupled response func-
tions when positioned at different locations along a standing
acoustic wave. Consequently, it must be concluded that the
velocity-coupled response function cannot, in general, be re-
garded as a propellant property and that stability analyses
based upon this notion are bound to yield erroneous rocket
motor stability limits. While the results of this study clearly
indicate that the propellant burn rate indeed responds to
velocity oscillations parallel to the propellant surface, the
nature of this response is currently not understood. Consider-
ing the importance of this type of response in solid-propellant
rocket motors stability analyses, it is strongly recommended
that new endeavors aimed at the understanding of this type of
propellant response be undertaken.
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Fig. 11 Comparison of the experimental and theoretically determined
axial variations of the amplitude and phase of the impedance tube
standing wave with the "test" samples located downstream of the first
pressure minimum.

The results reported herein also point out a misconception
in current considerations of the contribution of velocity cou-
pling to motor stability. It has been argued that velocity
coupling does not contribute to the linear stability of the
fundamental axial mode because the standing pressure wave
undergoes a 180 deg phase change between the fore and aft
ends of the rocket motor. Consequently, neglecting asymme-
tries introduced by mean flow effects, if the assumption that
the velocity-coupled response function is independent of loca-
tion in the rocket motor holds, one-half of the propellant will
drive the oscillation and the remaining half will attenuate the
oscillation with no net contribution to the driving of the
combustor oscillation from velocity coupling. The results of
this investigation indicate that the velocity-coupled response
function varies with location in the combustor and, conse-
quently, velocity coupling may contribute to the linear stabil-
ity of the fundamental axial mode in a solid-propellant rocket
motor, even if asymmetries introduced by mean flow effects
are not important.
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